We analyze the effects of average-index variation on the transmission spectrum of an apodized long-period fiber grating with the transfer matrix method, in particular, how the duty cycle of the index modulation and the order of the cladding mode affect the side lobes of the rejection band.
Introduction
Being simple band-rejection filters, long-period fiber gratings (LPFGs) [1] have found many applications in optical communications, signal processing, and sensing. To obtain clean rejection bands without side lobes, one may use an index-apodized grating [2] . In practice, however, it is difficult to write a genuine apodized grating that has a zero average index change along the grating. A practical index-apodized grating often has an average index that varies along the grating [3] . In this paper, we study the effects of the average-index variation on the transmission spectrum of an apodized LPFG with the transfer matrix method. We discuss in particular how the duty cycle of the index modulation and the order of the cladding mode affect the side lobes of the rejection band.
Method of Analysis
We consider an LPFG with an apodized index modulation in the core, as shown in Fig. 1 . The grating has a period Λ and a length L. Within each period, a positive index change is present over a width w. The ratio w/Λ is the duty cycle of the index modulation. Such a grating profile can be readily produced with a computer-controlled CO 2 laser with a beam width w. In practice, it is sufficient to consider only the average index (dc) and the fundamental frequency (ac) of the grating profile:
where Δn 0 is the maximum index change, σ(z) is the normalized apodization function, a 0 = w/Λ and a 1 = (2/π)sin(πw/Λ) are the first two Fourier series coefficients of the rectangular function, respectively, and ϕ is a constant phase. The factor a 0 Δn 0 σ(z) describes the average-index variation, while a 1 Δn 0 σ(z) represents the modulation strength of the grating. According to the transfer matrix method [2] , we can divide the grating profile into M uniform sections and consider coupling only between the LP 01 core mode and the LP 0m (m > 1) cladding mode, which have complex amplitudes E 01 (z) and E 0m (z), respectively. The output amplitudes of the modes can be obtained from the input amplitudes by
where F i is the transfer matrix of the ith uniform section obtained from the coupled-mode theory [2] . Here it should be understood that the dc index change varies from section to section, so that the effective indices of the modes and hence the resonance wavelength also vary from section to section. 
Results
For the simulation work, we assume a bare three-layer step-index fiber that has a core with an index of 1.45 and a radius of 3.63 μm and a cladding with an index of 1.444 and a radius of 62.5 μm. The grating period Λ is chosen to ensure coupling between the LP 01 mode and the LP 07 mode at around 1.55 μm. We assume a cosine-apodized profile with a length of L = 50 mm. The transmission spectra calculated for M = 10 with duty cycles 0.2, 0.5, and 0.6 are shown in Fig. 2 , where the ideal one with zero dc is also shown for comparison. The contrast at the resonance wavelength is fixed at 20 dB by adjusting the value of Δn 0 . Without the dc component, no side lobes are present. With the dc component, side lobes appear on the short-wavelength side of the rejection band. The side lobes become more significant as the duty cycle and hence the dc component increases, as shown in Fig.  3 , which is due to the larger deviation of the resonance wavelength along the grating. These results indicate that the use of a sufficiently small duty cycle can effectively suppress the side lobes. For the CO 2 -laser written apodized LPFGs reported in Ref. 3 , the spot size of the laser beam is ~50 μm, while the grating period Λ is 370 μm, so the duty cycle is ~0.14. The contrast of the side lobe produced on the short-wavelength side of the rejection band is ~0.35 dB, which agrees reasonably with our result. The smallest duty cycle that can be achieved in practice is limited by the spot size of the laser beam and the maximum index change that can be induced in the fiber. For the UV-laser written apodized LPFGs reported in Ref. 4 , apodization is achieved by gradually changing the duty cycle along the grating, while keeping the index change constant. The induced dc variation is so large that side lobes up to 9.5 dB on the short-wavelength side of the rejection band are produced [4] .
It is known that different cladding modes have different dispersion characteristics [5] . Therefore, the resonance wavelength of an LPFG can shift to either shorter or longer wavelengths, depending on the order of the cladding mode, when the induced index change of the grating increases. As a result, the effects of averageindex variation are different for different cladding modes. Figure 4 show the transmission spectra of 50-mm long cosine-apodized LPFGs operating with different cladding modes, where the period Λ is adjusted to ensure coupling at ~1.55 μm for each cladding mode. The duty cycle is fixed at 0.5 and the value of Δn 0 is adjusted to produce a contrast of 20dB at the center wavelengths of the rejection bands. As shown in Fig. 4 , the side lobes appear on the long-wavelength side of the rejection band for high-order cladding modes, which is different from the case for low-order cladding modes, where the side lobes appear on the short-wavelength side of the rejection band. 
Conclusion
Our analysis shows that the average-index variation in an apodized LPFG has significant effects on the side lobes of the rejection band. The side lobes can appear on the short-wavelength side or long-wavelength side of the rejection band, depending on the order of the cladding mode. To reduce the size of the side lobes as much as possible, one should use the smallest possible duty cycle of the index modulation.
